In this paper, we investigate the asymptotic behavior of the number sq(g) of isogeny classes of simple abelian varieties of dimension g over a finite field Fq. We prove that
Introduction
An abelian variety over an arbitrary field k is isogenous to a product of simple abelian varieties. One can naturally ask about the distribution of the dimensions of simple isogeny factors in the set of isogeny classes of abelian varieties over k of given dimension. When k is a prime field F p and a variety is equipped with a principal polarization, there is a nice answer given by M. Lipnowski and J. Tsimerman [3] . Note that we may replace 0.99 in the proposition below by any constant c < 1. −9 , the proportion of principally polarized abelian varieties over F p which admits an isogeny factor E h for some elliptic curve E and h ≥ 0.99g approaches 1 as g → ∞.
The purpose of this article is to answer the question for abelian varieties (without polarization) over a finite field F q . An interesting point is that if we do not consider polarizations, most of the isogeny classes have a large simple isogeny factor, which is opposite to the case with principal polarizations. In particular, the number of isogeny classes of simple abelian varieties over F q is large. We review some background material and summarize the results of this paper in the rest of this section. Let A be an abelian variety over a finite field F q of dimension g. For a prime ℓ ∤ q, there is a bijection
due to Tate [4] so the q-Frobenius endomorphism on A corresponds to an endomorphism on a Q ℓ -vector space V ℓ (A). Denote its characteristic polynomial by p A . (It is called the Weil q-polynomial.)
Then p A is independent of the choice of ℓ, monic, has integer coefficients, of degree 2g and all of its roots are Weil q-numbers (i.e. algebraic integers all of whose Gal(Q/Q)-conjugates have an absolute value √ q) by the Riemann hypothesis (Weil conjecture). By Honda-Tate theorem [2, 4] , two abelian varieties A and B over F q are isogenous if and only if p A = p B . This enables us to count the number of isogeny classes of abelian varieties over F q of given dimension by observing the Weil q-polynomials.
Let m q (g) be the number of isogeny classes of abelian varieties over F q of dimension g. 
In Section 2, we prove that the number of isogeny classes of simple abelian varieties over F q of dimension g have the same magnitude. 
Section 3 is devoted to the distribution of simple isogeny factors of the isogeny classes of abelian varieties over F q . Contrary to the case with principal polarizations (given in Proposition 1.1), most of the isogeny classes have a large simple isogeny factor. Precisely, we prove that for any ε > 0,
where a L (q, g, ε) is the number of isogeny classes of g-dimensional abelian varieties over F q whose largest simple isogeny factor has dimension at least (1 − ε)g (see Theorem 3.2).
The main result of this paper is given in Section 4. Its proof is based on (2), (3) and some elementary arguments.
The above theorem suggests that there are much more simple isogeny classes of abelian varieties over F q of dimension g than non-simple ones for sufficiently large g. We expect that the following conjecture to be true.
Number of isogeny classes of simple abelian varieties
Let s q (g) be the number of isogeny classes of g-dimensional simple abelian varieties over F q . Since
we only need to consider the lower bound of s q (g). It is natural to start from the following lemma, which gives the lower bound of m q (g).
and (a g , q) = 1. Then (1)) ) and
We want to prove that X
One may try to prove this by proving (1)) , but it is not easy to determine whether given 
Then c m+1 , · · · , c m+n are determined by a 1 , · · · , a n , c 1 , · · · , c m .
) for some polynomial function g i , which follows by comparing the coefficients of x 2(m+n)−i on both sides. By induction on i, one can show that b i can be represented as a function of a 1 , · · · , a n , c 1 ,
Proof. Let
for some Weil q-polynomials F (a 1 , · · · , a n ) and
Now we provide an upper bound of
|Y g (c)| is determined by the choice of a g−n+1 , · · · , a g and is independent of c. It is given by
.
For large enough g, q g 2 > gq so
By Lemma 2.2, an element of Y g,n (c) is determined by a Weil q-polynomial F (a 1 , · · · , a n ). By [3, Corollary
2.3], the size of Y g,n (c) is bounded by
|Y g,n (c)| ≤ n k=1 (4g √ q k + 1) < n k=1 5g √ q k = (5gq n+1 4 ) n .
Now we have
If g is sufficiently large, then 5g
Thus (1)) .
By the inequality
Note that this does not imply
which means that the proportion of isogeny classes of g-dimensional abelian varieties over F q which is simple approaches 1 as g → ∞. We provide a weaker version of this statement in Section 4.
3 Largest simple isogeny factor
be the set of isogeny classes of g-dimensional abelian varieties over F q whose largest simple isogeny factor has dimension ≥ (1 − ε)g (and < (1 − ε)g).
Lemma 3.1. Every element of A S (q, g, ε) can be represented by B 1 × B 2 for some abelian varieties B 1 and
Proof. Let A ∈ A S (q, g, ε) and suppose that A is isogenous to
there exists a positive integer 1 < k < r such that
In this case
Then we have the following result.
Proof. (a) By Lemma 3.1, every element of A S (q, g, ε) can be represented by
. (1)) so there is g 0 such that for every g ≥ g 0 ,
Thus log a S (q, g, ε) ≤ log g + (1 − ε)g 2 log q for sufficiently large g.
Proportion of simple isogeny classes
In this section we prove the following theorem.
Proof. Let C 1 ≥ 1 be a constant such that m q (g) ≤ q by Theorem 3.2 and
there exist C 2 ≥ 1 and g 1 > 0 such that
for any g ≥ g 1 . For
there exists g 2 > 0 such that for any g ≥ g 2 ,
by Theorem 2.3. Denote a g,k := s q (g + k)
and
For g ≥ max g 1 , 2g 2 , 2ε −1 and n := ⌊εg⌋ ≥ 2, we have
For 1 ≤ k ≤ n, the coefficient of s q (g + n − k) in the left side of (7) is
and the coefficient of s q (g + n − k) in the right side of (7) is 
(the last inequality is due to the fact that g − n > g 2 ≥ g 2 ). By the definition of ε ′ , 
By (8) and (9), we obtain , which is a contradiction when g is large enough.
